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M. Ward conjectured that the sum H,(a. b, c) of all terms a’b’ck with i+ j + k = n 
never vanishes for nonzero integers a, h. c if n > 1. He proved that this holds for n 
even. It is shown here that H,(a, h, c) > 0 for all nonzero reals a, b, c if n is even. 
and we point out a fatal error in Ward’s purported proof of the conjecture in the 
case where n + 2 is a prime. A recent investigation by T. M. Apostol is supplemen- 
ted by showing that H,(a, b. c) # 0 for odd integers a, h, c. 1” 1989 Academx Press. Inc. 
1. INTRODUCTION 
M. Ward conjectured that for every integer n > 1 the homogeneous 
product sum 
H, = H,(a, b, c) = c a’bick 
r+J+k=n 
never vanishes for nonzero integers a, b, c ([3]; cf. the introduction of 
[5]). An equivalent formulation reads (corollary of Lemma 4): 
No straight line intersects the curve y = xn+’ in three 
distinct points with nonzero integral coordinates if n > 1. 
The problem arose when Ward investigated the number of zeros of 
integral third-order linear recurring sequences. Let the numbers U, = 
u,(a, 6, c) be defined by the recurrence relation 
with initial values u0 = 0, U, = 0, u2 = 1. Then from H, = u,+* (cf. 
Lemma 1) we see that the conjecture holds if and only if u,, # 0 for all n 2 3. 
Fermat’s Last Theorem is the analogous problem with initial values u0 = 3, 
u1 = a + b + c, u2 = a2 + b2 + c*. Ward proved his conjecture in [4] for even 
II and for n = 3. Recently, by considering H, modulo 2,4, or 16, Apostol 
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showed in [l] that H, # 0 in many cases. (The residue of H, modulo any 
fixed number can be calculated by using the above recurrence; Apostol 
employs another method.) His results do not suffke to establish Ward’s 
result for even n, since H,(a, 6, c) = 0 (mod 16) for odd a, b, c and n E 30 
(mod 32). Here we prove: 
THEOREM 1. H,(a, b, c) # 0 for odd integers a, b, c (n 2 0). 
In Section 3 we offer two very short proofs of a strengthened version of 
Ward’s result for even n: 
THEOREM 2. H,(a, 6, c) > 0 for even n and reul numbers a, 6, c except for 
a=b=c=O. 
In the final section we point out a fatal error in Ward’s purported proof 
(see [S]) of the conjecture in the case where n + 2 is a prime. 
2. PROOF OF THEOREM 1 
LEMMA 1. H,,=u,+2for aNnz0. 
Proof (Cf. [4, Lemma 3.41). Obviously, H, = H,(a, b, c) is the coef- 
ficient of xn in 
- f  a”Xn f  @lx” f  FY=(l -ax))’ (1 -hx))’ (1 -cx)-‘. 
n=O n = 0 x=0 
Hence (Hn)n20 is a linear recurring sequence with characteristic 
polynomial (xl a)(x - b)(x - c). This proves the lemma, since H, = 1 = z+, 
H,=a+b+c=u,, and H,=a2+b2+c2+ab+bc+ca=u,. 
COROLLARY. (a-b)(b-c)(c-a)H,(u,b,c)=(c--b)a”+*+(u-c)b”+’+ 
(b-a)c”+‘for all n?O. 
Proof: The sequences ((a-b)(b-c)(c-a)u,),zo and ((c-/~)a”+ 
(a-W”+V-a)c”),,, both satisfy a linear recurrence with characteristic 
polynomial (x - a)(,~ - b)(x - c) and have the same initial values. 
Remark. Note that the expression on the right-hand side is equal to the 
determinant with rows (1, 1, l), (a, 6, c), and (u”+‘, b”+*, cn+‘). Hence, for 
distinct a, b, c, H,(a, b, c)=O if and only if the points (a, a”+‘), (b, bnf2), 
(c, Y+*) lie on a straight line. 
LEMMA 2. Cf a, b, L’ are odd integers, then, for every h 2 3, u, s 0 
(mod 2h) implies n = 0, 1 (mod 2*+ ‘). 
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Proof: From [ 1, Theorem 53 we see that H, = 0 (mod 8) implies 
n E 14, 15 (mod 16). Using Lemma 1, this proves our assertion for h = 3. 
(This can, of course, also be verified by a reasonably short calculation 
based on the recurrence relation.) Since the characteristic polynomial of 
(unL,o is congruent to (x- 1)3 mod 2, [2, Theorem l(c)] (with 1= (2), 
a = 2, h, = 1, I= 4, and n, = 0) yields 
U,+2h+,k=U,+2h~2k(U,+8-U,) (mod 2h+‘) 
for all h 2 2 and n 2 0. Let u, z 0 (mod 2h + ’ ) and assume we already know 
that u,=O (mod 2h) implies n=O, 1 (mod 2h+‘). Then n =r~,+2~+‘k 
with n, = 0, 1 and some integer k. From u, E u,,,+ 2h-2k(~,,+, - u,J 
(mod 2h + ‘) and unO =0 we conclude kunO+* r0 (mod 23). Since (by the 
case h= 3) u,~+~ & 0 (mod 23), k is even and thus n =Q, (mod 2h+2). 
Inductively, the lemma is proved. 
Remark. A quick calculation shows that the lemma also holds for h < 3. 
The proof of Theorem 1 is trivial now: If u, = 0 then n = 0, 1 (mod 2h+1) 
for all h, i.e., n=O or n=l. Hence H,=u,+~#O for nZ0. 
3. Two PROOFS OF THEOREM 2 
Proof I. Adding the equations 
Lc 
c H,(a,b,c)x”=(1-ax)-‘(1-b.u)~~‘(1-c.~)-’ 
fl=O 
.;, HAa, 6, c)( - 1 )“.u”=(l+ax) ‘^(l+bx)~‘(l+cx)~ 
yields 
f H2,(a, h, c) xzn = 
1 + (ab + hc + ca) .X1 
II=0 (1 - a*.?)( 1 -6*x2)( 1 - c??) 
Hence 
H,,(a, b, c) = H,(a’, b2, c2) + (ah + bc + cu) H, ,(a’, b*, cl) 
for n 2 1. Since two of the numbers a + b, h + c, c + a have the same 
sign, without loss of generality we may assume (c + u)(h + c) 20. 
Then ah + bc + ca 2 -c* and thus 
Hln(a, 6, c) 2 H,(a’, b2, c2) - c2H,, _ ,(a’, h2, c2) 2 u2” + b”‘, 
which is positive unless a = b = 0, in which case H,,,(u. b, c) = cZn > 0 except 
for (7 = 0. 
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Remark. Since (for fixed b, c) H,(a, b, c) is a polynomial in a of degree 
n, Theorem 2 fails for every odd n. 
LEMMA 3. If a, 6, c are real numbers with H,(a, b, c) = 0 for some even 
n, then a, b, c are distinct unless a = b = c = 0. 
Proof (Cf. [4, Lemma 3.51). Zf a= b = c then H, is a positive 
multiple of a”; hence, H, # 0 unless a = 0. For distinct a, b, c the corollary 
of Lemma 1 yields H,,(a, b,c)=(c-b)--’ ((c”+‘-an+‘)/(c-a)- 
(b 
n+2-an+2 )/(6-a)). Since H, is a polynomial, we may let b tend to a 
and obtain 
H,,(a, a, c)= (c-a)-’ ((f(c)-f(a))l(c-a)-f’(a)) with f(x)=.?+’ 
for a # c. Hence for even n we conclude H,(a, a, c) # 0, which completes the 
proof since H, is symmetric. 
Proof II. Since H,( 1, 1, 1) > 0 and H, is continuous, it is sufficient to 
prove H,(a, b, c) # 0. Assume that H,(a, b, c) =0 for some even n and 
exclude the trivial case a = b = c = 0. Then a, b, c are distinct by Lemma 3. 
Hence, according to the remark after Lemma 1, there is a straight line that 
intersects the curve 4’ = s n+2 in three distinct points, which (by convexity) 
yields the desired contradiction. 
Remark. This proof is somewhat similar to Ward’s proof in [4]. 
4. REMARKS ON WARD'S INVESTIGATIONS 
Assume that a, b, c are nonzero integers with H,(a, b, c) = 0 (n > 1). 
Then a, 6, c are distinct (cf. Lemma 4 below). Let d be a common divisor of 
b and c. Then from H,(a, h, c) E a” (mod d) we see that d divides a. Thus, 
by symmetry and by homogeneity, we may assume that a, b, c are coprime 
in pairs. 
Now let p = n + 2 be a prime. Writing N for (a” - bP)/(a - b) = (b” - c”)/ 
(b - c) = (c” - aP)/(c - a) (cf. the remark after Lemma 1 ), it is easy to see 
that (N, abc) = 1, N is not divisible by p2, and a s b E c (mod p) if NE 0 
(mod p). Putting N = p”Q (with cr = 0 or 1 ), we also easily see that a - 6, 
b - c, and c - a are coprime with Q. Hence (for Q # + 1) there is an integer 
e such that a-be (mod Q) and e f 1 (mod Q). Now Ward claims that 
e, e2, . . . . ep are all the roots modulo Q of the congruence xp = I (mod Q) [S, 
Lemma 3.51, and thus from up = bp = cp (mod Q) he deduces the existence 
of positive integers k and I such that [ 5. Theorem 3.11 
a-be-b-cek-c-ae’-0 (mod Q) and k+/+ 1 =p. (*) 
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From this, by rather involved arguments (that form the main part of the 
paper and do not work for p = 5), Ward obtains that N divides b,‘- ‘c - a” 
for some s with 2 5 s_l p -4 (cf. [S, (6.8)]). Since Ial, Jbl, ICI are distinct 
[S, Lemma 3.21, the resulting inequality INI 5 I bs- ‘c - a”1 quickly leads to 
a contradiction. 
Unfortunately, the number of solutions of the congruence xp = 1 
(mod Q) is larger than p unless IQ is a prime power, since every prime 
factor q of Q is congruent to 1 module p (note that p is the order of a/b 
modulo q, since ap E bP (mod q) and a f b (mod 4)). Hence one cannot 
conclude that b = cek (mod Q) and c= ue’ (mod Q) for some k, 1. Since 
there seems to be no reason why one could assume that IQ1 is a prime 
power, this error invalidates the whole argument. 
Moreover, it should be pointed out that the proof could be completed in 
a few lines if (*) is taken for granted: 
Clearly, a, b, c cannot all have the same sign. Since these numbers are 
distinct (cf. Lemma 4 below) and nonzero, we may suppose a > b > 0 > c. 
An obvious modification of Proof I (Section 3) yields 
H Zr+ ,(a, b, c) = (a + b + c) H,(u’, b2, c2) + ubcH,- ,(a’, bz, c2) 
for Y 2 1. Hence H,(u, 6, c) = 0 implies a + b + c > 0 for odd n 13. 
From a = be (mod Q) and c = ue’ (mod Q) we conclude b’c -- u’+ ’ s 0 
(mod Q); if p I N then this congruence also holds modulo p since then 
u-b = c (mod p). Hence b’c-a’+’ ~0 (mod N). Thus, taking into 
account I=p-k-lsp-2, we obtain aP-‘+cF2b+ ... +bP--‘= 
INI~(b’c-a’+‘l~~~~‘+Icl bP~2<up-‘+(u+b)bP-2, a contradiction. 
LEMMA 4. Zf u, b, c are nonzero integers with H,(a, b, c) = 0 (Jar some 
n > l), then a, b, c are distinct. 
Proof (Cf. [4, Lemma 3.53). By Lemma 3 we know that n is odd. In 
order to arrive at a contradiction, we assume a = b. As we have already 
noted above, we may suppose that a, 6, c are coprime in pairs and also 
a > 0. Hence a = b = 1 and c is negative. By using the formula for 
H,(u, a, c) from Lemma 3, we see that c is a zero of the polynomial 
g(x)=(x”+*- l)-(n+2)(x-1) and from g(-l)#O we conclude 
c 5 - 2. This is impossible since (as is easily shown) g(x) < 0 for x 5 - 2 
and odd n> 1. 
COROLLARY. Let n > 1. The equation H,(u, 6, c) = 0 has no solution in 
nonzero integers if and or+ tf no straight line intersects the curve y  = .Y”+’ in 
three distinct points with nonzero integral coordinates. 
Proof This immediately follows from the remark after Lemma 1. 
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Remark. If a, b, c are nonzero integers with H,(a, b, c) = 0 (for some 
n > 1 ), then a*, b*, c* are distinct [S, Lemma 3.21. To prove this, note that 
otherwise the straight line connecting the three distinct points (a, a”+*), 
(b, b”+*), (c, CT”+*) 1 a so contains (0, 0), since n is odd (by Lemma 3 ). This 
is a contradiction, since no straight line can intersect the curve y =.xX+2 in 
more than three distinct points. 
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